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Abstract: For the general Two-Higgs-Doublet model, we present conditions for having
spontaneous CP violation, in terms of physical masses and couplings. These relations
involve the charged-Higgs mass, its cubic couplings with neutral scalars and quartic cou-
pling, and become particularly simple in the alignment limit. In the simplified model with
softly broken Z2 symmetry, some deviation from alignment is required for spontaneous CP
violation to be present.
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1 Introduction
The conditions for CP violation in the general1 Two-Higgs-Doublet Model (2HDM) can be
formulated in terms of physical quantities, masses of the three neutral Higgs bosons (Mj),
their couplings to gauge bosons (ej) and their couplings to charged Higgs bosons (qj) [1, 2]
(see also Ref. [3]). An explicitly CP conserving potential is a necessary requirement for
having spontaneous CP violation (SCPV). In order to distinguish whether the CP violation
is explicit or spontaneous, one can evaluate certain invariants (with respect to Higgs basis
transformations) formed from potential parameters [4, 5]. In this paper, we show how these
conditions can be expressed in terms of physical quantities. In fact, we find that when CP
is violated, two more conditions need to be satisfied in order to guarantee that the CP
violation is spontaneous: the charged Higgs boson mass and the quartic coupling among
charged Higgs bosons must be related to the masses of the neutral Higgs bosons, and the
above trilinear couplings (ej , qj). These relations are presented in simple forms.
We also investigate SCPV in the alignment limit [6–8], as well as in the simplified
model with softly broken Z2 symmetry.
The paper is structured as follows. In section 2 we present our notation, and quote
some basic properties of the model. In section 3 we present our main result, a theorem
specifying (in physical terms) the conditions for spontaneous CP violation. The theorem
is established by expanding the I invariants of Ref. [5] in terms of the Im Ji invariants (see
Eq. (3.1) below) and systematically setting these I invariants to zero while retaining at
least one Im Ji non-zero. Next, in section 4 we discuss spontaneous CP violation in the
“Alignment” limit, staying within the general model without Z2 symmetry (this model
will be referred to as “2HDM7”). Then, in section 5 we discuss the case of softly broken
Z2 symmetry, denoted “2HDM5”, where CP violation requires some deviation from the
alignment limit. Finally, section 6 contains concluding remarks. Technical details are
given in appendices A (the Higgs basis), B (explicit results for the I invariants in terms of
physical quantities) and C (solving the constraints I... = 0).
2 The model
The scalar potential of the 2HDM might be parametrized in the standard fashion2:
V (Φ1,Φ2) = −1
2
{
m211Φ
†
1Φ1 +m
2
22Φ
†
2Φ2 +
[
m212Φ
†
1Φ2 + H.c.
]}
+
λ1
2
(Φ†1Φ1)
2 +
λ2
2
(Φ†2Φ2)
2 + λ3(Φ
†
1Φ1)(Φ
†
2Φ2) + λ4(Φ
†
1Φ2)(Φ
†
2Φ1)
1In the most general 2HDM, one can also assume a charge-breaking vacuum by assigning a non-zero
vacuum expectation value to the upper components of the Higgs doublets. We do not consider such models.
Henceforth, when we refer to the general 2HDM, we mean the most general charge-conserving 2HDM.
2A comment is here in order. In fact, m212 is a redundant parameter which could, in the case of the
general 2HDM, be removed from the potential by a unitary rotation of the doublets. Therefore, without
loss of generality we could, from the very beginning, have dropped the m212Φ
†
1Φ2 + H.c. term. Relations
among physical quantities (observables) can not be sensitive to this choice of basis. However, in order to
stay within this most general basis, we have decided to keep it.
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+
1
2
[
λ5(Φ
†
1Φ2)
2 + H.c.
]
+
{[
λ6(Φ
†
1Φ1) + λ7(Φ
†
2Φ2)
]
(Φ†1Φ2) + H.c.
}
(2.1)
≡ Yab¯Φ†a¯Φb +
1
2
Zab¯cd¯(Φ
†
a¯Φb)(Φ
†
c¯Φd). (2.2)
In the second form [9], Eq. (2.2), a summation over barred with un-barred indices is implied,
e.g., a = a¯ = 1, 2. For the explicit expressions of the Yab¯ and Zab¯cd¯ tensors, see for example
Eqs. (2.3) and (2.4) in [3].
In general the vacuum may be complex, and the Higgs doublets can be parametrized
as
Φj = e
iξj
(
ϕ+j
(vj + ηj + iχj)/
√
2
)
, j = 1, 2. (2.3)
Here, vj are non-negative real numbers, so that v
2
1 + v
2
2 = v
2 = (246 GeV)2. The fields ηj
and χj are real. The phase difference between the two vevs will be denoted as ξ ≡ ξ2− ξ1.
We also follow standard terminology and define3
µ2 ≡ v
2Rem212
2v1v2
. (2.4)
The model contains three neutral scalars Hi. The mass eigenstates can be obtained
by an orthogonal rotation upon the ηi as follows:H1H2
H3
 = R
η1η2
η3
 , (2.5)
where the 3× 3 orthogonal rotation matrix R satisfies
RM2RT =M2diag = diag(M21 ,M22 ,M23 ), (2.6)
with M1 ≤M2 ≤M3. A convenient parametrization of the rotation matrix R is [10, 11]
R =
R11 R12 R13R21 R22 R23
R31 R32 R33
 =
 c1 c2 s1 c2 s2−(c1 s2 s3 + s1 c3) c1 c3 − s1 s2 s3 c2 s3
−c1 s2 c3 + s1 s3 −(c1 s3 + s1 s2 c3) c2 c3
 , (2.7)
where ci = cosαi and si = sinαi.
Much of our discussion will be phrased in terms of the four physical masses of the
model,
M1 ≤M2 ≤M3, and MH± , (2.8)
together with parameters ei, qi and q. The ei are defined as
ei ≡ v1Ri1 + v2Ri2. (2.9)
3This parameter is only meaningful in a basis where both vi > 0, so in particular, for the Higgs-basis it
is not meaningful.
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They parametrize the couplings of neutral Higgs bosons to the gauge particles Z and W ,
whereas the other couplings [3],
qi ≡ Coefficient(V,HiH−H+)
=
2ei
v2
M2H± −
Ri2v1 +Ri1v2
v1v2
µ2 +
gi
v2v1v2
M2i +
Ri3v
3
2v1v2
Imλ5
+
v2 (Ri2v1 −Ri1v2)
2v22
Reλ6 − v
2 (Ri2v1 −Ri1v2)
2v21
Reλ7, (2.10)
q ≡ Coefficient(V,H−H−H+H+) (2.11)
= − 1
2v2v21v
2
2
(
v21 − v22
)2
µ2 +
3∑
k=1
g2k
2v4v21v
2
2
M2k +
v2
(
v21 − 3v22
)
4v1v32
Reλ6 +
v2
(
v22 − 3v21
)
4v2v31
Reλ7
describe the trilinear couplings (qi) of neutral Higgs bosons to the charged pair, as well
as the quartic coupling (q) among four charged Higgs bosons, respectively. Here, we have
chosen a basis for which ξ = 0. We shall continue to use such a basis, unless otherwise
stated. Also, we define the abbreviation
gj ≡ v31Rj2 + v32Rj1. (2.12)
3 Spontaneous CP violation in the general case
The presence of CP violation in the Higgs sector can be expressed in terms of three invari-
ants, at least one of which should be non-zero [5] for CP violation to occur:
Im J1 = − 2
v2
Im
[
vˆ∗a¯Yab¯Z
(1)
bd¯
vˆd
]
, (3.1a)
Im J2 =
4
v4
Im
[
vˆ∗¯b vˆ
∗
c¯Ybe¯Ycf¯Zea¯f d¯vˆavˆd
]
, (3.1b)
Im J3 = Im
[
vˆ∗¯b vˆ
∗
c¯Z
(1)
be¯ Z
(1)
cf¯
Zea¯f d¯vˆavˆd
]
. (3.1c)
In [3], all the ImJi were expressed in terms of masses and couplings, there we also replaced
Im J3 by a related, slightly modified invariant which we named Im J30. The condition for
CP violation was reformulated so that at least one of the invariants ImJ1, Im J2, Im J30
should be non-zero for CP violation to occur. Expressed in terms of masses and couplings
they become [1–3]
Im J1 =
1
v5
∑
i,j,k
ijkM
2
i eiekqj
=
1
v5
[e1e2q3(M
2
2 −M21 )− e1e3q2(M23 −M21 ) + e2e3q1(M23 −M22 )], (3.2a)
Im J2 =
2
v9
∑
i,j,k
ijkeiejekM
4
iM
2
k =
2e1e2e3
v9
∑
i,j,k
ijkM
4
iM
2
k
=
2e1e2e3
v9
(M22 −M21 )(M23 −M22 )(M23 −M21 ), (3.2b)
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Im J30 ≡ 1
v5
∑
i,j,k
ijkqiM
2
i ejqk,
=
1
v5
[q1q2e3(M
2
2 −M21 )− q1q3e2(M23 −M21 ) + q2q3e1(M23 −M22 )]. (3.2c)
Another related quantity that we shall encounter is Im J11. This quantity is given as
Im J11 ≡ 1
v7
∑
i,j,k
ijkeiM
2
iM
2
j ekqj (3.3)
=
1
v7
[e1e2q3M
2
3 (M
2
2 −M21 )− e1e3q2M22 (M23 −M21 ) + e2e3q1M21 (M23 −M22 )].
This quantity also vanishes whenever we have CP conservation, more specifically Im J11
vanishes when both Im J1 and Im J2 vanish.
In order for CP violation to be spontaneous, at least one of the Im Ji invariants must be
non-zero, while four other weak-basis invariants (hereafter referred to as the I-invariants),
constructed from the coefficients of the potential, must vanish [4]. These can be expressed
as [5, 12]:
IY 3Z = Im
[
Z
(1)
ac¯ Z
(1)
eb¯
Zbe¯cd¯Yda¯
]
, (3.4a)
I2Y 2Z = Im
[
Yab¯Ycd¯Zba¯df¯Z
(1)
fc¯
]
, (3.4b)
I3Y 3Z = Im
[
Zac¯bd¯Zce¯dg¯Zeh¯f q¯Yga¯Yhb¯Yqf¯
]
, (3.4c)
I6Z = Im
[
Zab¯cd¯Z
(1)
bf¯
Z
(1)
dh¯
Zfa¯jk¯Zkj¯mn¯Znm¯hc¯
]
. (3.4d)
Although helpful to determine the CP nature of a particular model, these expressions offer
little physical insight when written out in terms of the parameters of the potential4.
A major result of this paper is the re-expression of these invariants in terms of masses
and couplings in a similar way as was done for the Im Ji invariants in [3]. The results can
be found in Appendix B, and conditions for their vanishing are discussed in Appendix C.
As pointed out by Gunion and Haber [5], at most two invariants need to be considered
for any given model, see the discussion in Sec. III of [5] for details. From the results in
Appendix C we conclude that eqs. (C.3) and (C.4) cover all cases. This enables us to
formulate the conditions for spontaneous CP violation in a compact and elegant way:
Theorem. Let us assume that the quantity
D = e21M
2
2M
2
3 + e
2
2M
2
3M
2
1 + e
2
3M
2
1M
2
2 (3.5)
is non-zero5. Then, in a charge-conserving general 2HDM, CP is violated spontaneously if
and only if the following three statements are satisfied simultaneously:
• At least one of the three invariants Im J1, Im J2, Im J30 is nonzero.
4An alternative formulation of these conditions has been given in terms of coefficients of bilinears in the
fields [13].
5In any physical model we demand that all M2i > 0 and that at least one ei is non-zero, making D a
positive definite quantity.
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• M2H± =
v2
2D
[e1q1M
2
2M
2
3 + e2q2M
2
3M
2
1 + e3q3M
2
1M
2
2 −M21M22M23 ], (3.6)
• q = 1
2D
[(e2q3 − e3q2)2M21 + (e3q1 − e1q3)2M22 + (e1q2 − e2q1)2M23 +M21M22M23 ]. (3.7)
We note that Eq. (3.4) represents four conditions, while here we only have two. This
could be understood as follows. The general potential contains four complex parameters,
m212, λ5, λ6 and λ7. However, it is always possible to remove m
2
12 by a basis rotation. Then,
one may make either of λ5, λ6 or λ7 real by a phase rotation of Φ1 relative to Φ2. Thus,
we are down to two complex phases, matching the fact that there are only two conditions.
As discussed in [5] the four conditions are needed to cover all possible models one can
construct.
4 SCPV and alignment within the general model (“2HDM7”)
Our goal hearafter is to discuss a minimal setup which allows for H1 to be identified with
the observed 125 GeV state together with spontaneous CP violation. As we have shown
earlier [3] CP violation in the exact alignment limit requires the general 2HDM with no Z2
symmetry imposed.
4.1 Alignment
Here, we define alignment in four superficially different, but equivalent ways. The most
physical definition is in terms of the gauge-Higgs couplings ei. As we recall next, the
alignment condition can also be formulated in terms of quartic couplings of the potential
and vevs. Next, using the minimization conditions, the relations among quartic couplings
can be re-expressed as conditions on the bilinear terms. Finally, it can be expressed in
terms of elements of the rotation matrix in the neutral sector. For completeness we also
show the relevant couplings qi and q in the alignment limit.
4.1.1 Alignment defined in terms of physical couplings
We define the alignment limit as the limit in which the discovered Higgs boson (assumed to
be H1) has Standard-Model coupling to the gauge bosons. In our terminology, this means
e1 = v, e2 = e3 = 0. (4.1)
Since these couplings satisfy e21 + e
2
2 + e
2
3 = v
2, these are two conditions. In this limit, only
one of the above-mentioned Im J invariants is non-zero:
Im J1 = Im J2 = 0, (4.2a)
Im J30 =
q2q3
v4
(M23 −M22 ). (4.2b)
Thus, in order to have any CP-violation at all in this limit, we must have
q2 6= 0, q3 6= 0, M2 6= M3. (4.3)
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The two heavier neutral Higgs bosons must have different masses, and they must both have
non-vanishing couplings to the charged pair. The non-degeneracy of M2 and M3 requires
[3, 14]
Reλ6 6= 0, and/or Reλ7 6= 0. (4.4)
4.1.2 Alignment defined in terms of quartic potential couplings and vevs
The alignment conditions can alternatively be phrased as follows [3] (for the CP conserving
case see also [15]):
v1v2Imλ5 + v
2
1Imλ6 + v
2
2Imλ7 = 0, (4.5)
v31v2(λ1 − λ345)− v1v32(λ2 − λ345)− v41Reλ6 + v42Reλ7 + 3v21v22Re (λ6 − λ7) = 0, (4.6)
with λ345 ≡ λ3 + λ4 + Reλ5.
4.1.3 Alignment defined in terms of bilinear potential couplings and vevs
Using the minimization conditions (A.1) and (A.2) of Ref. [3], the alignment conditions
(4.5) and (4.6) can also be formulated as
Imm212 = 0, (4.7)
m211 −m222 = Rem212
(
v1
v2
− v2
v1
)
. (4.8)
4.1.4 Alignment defined in terms of the rotation matrix R and vevs
In terms of the rotation matrix of (2.5) and (2.7), alignment corresponds to
R12
R11
=
v2
v1
, R13 = 0, (4.9)
or
α1 = β, α2 = 0, (4.10)
where tanβ ≡ v2/v1. We make note of the fact that α1, α2, v1 and v2 are parameters of
the semi-physical parameter set P67 that was defined in Eq. (3.2) of [3], so this definition
of alignment immediately gives us the definition of alignment in terms of the parameter
set P67,
tanα1 =
v2
v1
, α2 = 0. (4.11)
4.1.5 Couplings in the alignment limit
The couplings qi and q simplify in the alignment limit:
q1 =
1
v
(
2M2H± − 2µ2 +M21
)
, (4.12a)
q2 = +c3
[
(c2β − s2β)
vcβsβ
(M22 − µ2) +
v
2s2β
Reλ6 − v
2c2β
Reλ7
]
+ s3
v
2cβsβ
Imλ5, (4.12b)
q3 = −s3
[
(c2β − s2β)
vcβsβ
(M23 − µ2) +
v
2s2β
Reλ6 − v
2c2β
Reλ7
]
+ c3
v
2cβsβ
Imλ5. (4.12c)
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q = − 1
2v2c2βs
2
β
(
c2β − s2β
)2
µ2 +
1
2v2
M21 +
(c2β − s2β)2
2c2βs
2
βv
2
c23M
2
2 +
(c2β − s2β)2
2c2βs
2
βv
2
s23M
2
3
+
(
c2β − 3s2β
)
4cβs
3
β
Reλ6 +
(
s2β − 3c2β
)
4sβc
3
β
Reλ7. (4.12d)
4.2 Spontaneous CP violation in the alignment limit
A necessary condition for having spontaneous CP-violation is that all four I-invariants must
vanish. This guarantees CP invariance of the potential. Together with the non-vanishing
of at least one Im Ji, this constitutes necessary and sufficient conditions for the presence
of spontaneous CP violation. We will in the remainder of this section implicitly assume
that CP is violated (Im J30 6= 0), and the vanishing of the four I-invariants may then be
substituted for by the conditions (3.6) and (3.7). Under the assumption of CP violation,
CP invariance of the potential and spontaneous CP violation bear the same meaning.
4.2.1 Spontaneous CP violation in the alignment limit in terms of physical
couplings
We may insert the conditions for alignment, e1 = v, e2 = e3 = 0 into (3.6) and (3.7), or
simply inspect (C.5) and (C.6):
M2H± =
vq1 −M21
2
, (4.13)
q =
1
2
(
q22
M22
+
q23
M23
+
M21
v2
)
. (4.14)
These two simple equations constitute the conditions for having SCPV in the alignment
limit.
By combining and rewriting these two equations, one obtains
q1 =
1
v
(
2M2H± +M
2
1
)
(4.15)
q − 1
2
(
q21
M21
+
q22
M22
+
q23
M23
)
=
−2M2H±(M21 +M2H±)
v2M21
. (4.16)
4.2.2 Spontaneous CP violation in the alignment limit in terms of semi-
physical parameter set P67
Inserting the couplings of (4.12) into the conditions for SCPV, (4.15) and (4.16), we find
that the two conditions in the alignment limit translate to
µ2 = 0, (4.17)
and
−v2 [v21Reλ6 − v22Reλ7]2 (M22 s23 +M23 c23)− v2v21v22(Imλ5)2(M22 c23 +M23 s23)
+2v2v1v2s3c3(M
2
2 −M23 )Imλ5(v21Reλ6 − v22Reλ7)
−2v1v2M22M23 (v21Reλ6 + v22Reλ7) = 0. (4.18)
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The first of these two conditions refers to the real part of the bilinear coupling between
Φ1 and Φ2, therefore we conclude that alignment and SCPV together imply that this mass
mixing parameter must be either pure imaginary or it must vanish altogether.
While the constraints (4.13) and (4.14) relate masses and couplings, the constraints in
(4.17) and (4.18) are the equivalent of these, but relate parameters of the model from the
parameter set P67.
4.2.3 Spontaneous CP violation in the alignment limit in terms of potential
parameters and vevs
The condition (4.17) simply translates to
Rem212 = 0. (4.19)
Using the relation between the mass matrix elements, the rotation matrix and the masses
given in eq. (4.18) valid in the alignment limit, we can eliminate combinations of masses
and α3 appearing in (4.18) to get
−v2 [v21(Reλ6)− v22(Reλ7)]2M233 + v4v21v22v41 − v42 (Imλ5)2 (v22M211 − v21M222) (4.20)
−2v3v1M213Imλ5(v21Reλ6 − v22Reλ7)
+
2v2v2
(v41 − v42)v1
[
v21M233
(
v22M211 − v21M222
)
+ (v41 − v42)
(M223)2] (v21Reλ6 + v22Reλ7) = 0.
Here, the M2ij are elements of the mass-squared matrix in the neutral sector, directly
related to the quartic couplings and vevs. Together, these two relations (4.19) and (4.20)
constitute the conditions for SCPV in the alignment limit. By substituting the expressions
for the squared mass-matrix elements given in appendix A of Ref. [3] one can express them
in terms of potential parameters and vevs only.
4.2.4 Discussion of spontaneous CP violation in the alignment limit
Before closing this section let us collect here a few relevant comments:
• If both alignment (conditions (4.7) and (4.8)) and SCPV are imposed, then one finds
by combining with Eq. (4.19) that
m212 = 0 and m
2
11 = m
2
22. (4.21)
It is worth noting that the above conditions are basis independent – if they are
satisfied in one basis they hold in any basis.
• Secondly, we notice that µ2 appears in (4.12a) along with only masses of physical
scalars. This means that µ2 itself must represent an observable quantity in the
alignment limit for a basis in which ξ = 0. It is instructive to allow here for non-zero
ξ, then the coupling q1 in the alignment limit becomes
q1 =
1
v
(
2M2H± − 2
µ2
cos ξ
+M21
)
, (4.22)
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so in fact it is µ2/ cos ξ that must be a basis-independent quantity in the alignment
limit. The freedom of choosing a different basis for (Φ1,Φ2) can be parametrized by
the relation (
Φ1
Φ2
)
→
(
Φ¯1
Φ¯2
)
= eiψ
(
cos θ e−iξ˜ sin θ
−eiχ sin θ ei(χ−ξ˜) cos θ
)(
Φ1
Φ2
)
. (4.23)
It has obvious implications for the coefficients in the potential. However, if the
alignment conditions6 are imposed, then certain parameters (or combinations thereof)
which in general (i.e., without the alignment) would be affected by the above unitary
basis transformation remain unchanged. For instance, we find that
µ¯2
cos ξ¯
=
µ2
cos ξ
, (4.26)
under a general basis transformation with the restriction of alignment. We conclude
that this ratio is invariant under basis transformations, provided we impose alignment,
hence in the alignment limit it is an observable quantity.
For other interesting properties of basis transformations see Appendix A.
5 SCPV near alignment with softly broken Z2 symmetry (“2HDM5”)
As we have shown earlier [3], exact alignment implies CP conservation in the case of the
2HDM5. This is because within the 2HDM5 all the Im Ji vanish in the alignment limit.
One way to retain the possibility of having CP violation in the 2HDM5 setup is to allow
for small deviations from alignment. Then, when the alignment condition is relaxed, one
can remain within the softly broken Z2 symmetry without the necessity of introducing
non-zero λ6 and λ7.
Here we adopt a basis such that λ6 = 0 and λ7 = 0 (no hard breaking of the Z2
symmetry), however we allow for m212 6= 0 (soft breaking is allowed).
The 2HDM5 does not accommodate CP violation (neither explicit nor spontaneous) in
the alignment limit. Therefore, we shall relax the alignment condition (4.10) by expanding
our results around α1 = β and α2 = 0 in powers of δ ≡ α1 − β and α2 for7
|δ|  1, |α2|  1, (5.1)
and keeping leading terms in δ and α2. We find to lowest order :
M23 −M22 = 2α2
M22 −M21
tan 2β sin 2α3
, (5.2)
6 The conditions for alignment given in Eqs. (4.7) and (4.8) for the ξ = 0 basis will in a basis with
non-zero ξ be modified to
Im
(
eiξm212
)
= 0, (4.24)
m211 −m222 = Rem
2
12
cos ξ
(
v1
v2
− v2
v1
)
. (4.25)
7We note that α2 = 0 implies CP conservation (independently of δ). Thus, we require α2 6= 0 for CP
violation to occur.
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and
Imλ5 = α2
M22 −M21
v2cβsβ
, (5.3)
so that Imλ5 is non-zero as it needs to be in order to have CP violation in the 2HDM5.
The I-invariants are linear combinations of the Im Ji-invariants as we see in Appendix B.
Expanding the Im Ji to the leading (linear) order in these small quantities we find:
Im J1 =
α2(M
2
2 −M21 )(M22 − µ2)
v4cβsβ
c2β, (5.4)
Im J11 =
α2M
2
2 (M
2
2 −M21 )(M22 − µ2)
v6cβsβ
c2β =
M22
v2
Im J1, (5.5)
Im J2 = 0, (5.6)
Im J30 =
α2(M
2
2 −M21 )(M22 − µ2)
8v6c3βs
3
β
(5.7)
× [−M21 − 2(M22 +M2H± − 2µ2) + c4β(M21 − 2M22 + 2M2H±)]c2β
=
1
8v2
[−M21 − 2(M22 +M2H± − 2µ2) + c4β(M21 − 2M22 + 2M2H±)] Im J1c2βs2β . (5.8)
So this explicitly shows that relaxing alignment allows for CP violation in the 2HDM5. In
this ”near-alignment” limit, we see that we have CP violation provided
M22 6= M21 and µ2 6= M22 and tanβ 6= 1 (v1 6= v2). (5.9)
Next, let us study the conditions (3.6) and (3.7) for spontaneous CP violation in order to
figure out under which conditions the CP violation is in fact spontaneous. Remembering
that it is the I−invariants of Appendix B that “control” the CP invariance of the potential
and that these are linear combinations of the Im Ji, we get the leading (linear) order of the
I-invariants by expanding the Im Ji to the linear order, while the coefficients (or prefactors)
need only be expanded to the constant (leading) order. This means that the prefactors
are identical in the near-alignment and the exact alignment limit. The conditions (3.6)
and (3.7) originate from prefactors only, meaning that they are represented by (4.17) and
(4.18) also in the near-alignment limit. By putting λ6 = λ7 = 0 and using (4.18), we see
that it is satisfied by default at the constant-order level. Thus, the only requirement for
SCPV in the near-alignment limit becomes
µ2 = 0. (5.10)
We conclude that if CP is broken in the “near alignment” limit of the 2HDM5, then µ2 = 0
guarantees that the CP violation is spontaneous. If µ2 6= 0, the CP violation is explicit.
The µ2 = 0 condition is also a necessary (but not sufficient condition) for SCPV in the
alignment limit of the 2HDM7, as discussed in Section 4.2.2.
5.1 SCPV1 and SCPV2 in the near alignment limit of 2HDM5
In ref. [16] we have defined two possible scenarios, SCPV1 and SCPV2, for spontaneous
CP violation in the 2HDM5. It is worth checking which of them could be realized in the
“near alignment” limit.
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SCPV1 near alignment. The condition for SCPV1 reads [16]
4
µ2
v2
Reλ5 − 4
(
µ2
v2
)2
+ (Imλ5)
2 = 0 (or equivalently Im
[
(m212)
2λ∗5
]
= 0), (5.11)
provided we have CP violation [17]. Near alignment the above condition reduces to
M22µ
2 = 0. (5.12)
Only µ2 = 0 is possible. This is consistent with the requirements for spontaneous CP
violation from the previous section, and we conclude that SCPV1 is possible near the
alignment region of the 2HDM5.
SCPV2 near alignment. The condition for SCPV2 reads [16]
λ1 = λ2, (5.13)
m211 = m
2
22, (5.14)
(or equivalently λ1 = λ2 and λ1 = λ3 + λ4 + Reλ5 − 2µ2/v2), again provided we have CP
violation. The requirement for CP violation excludes the scenario where v1 = v2 (tanβ = 1)
since this would imply CP conservation (see CPC4 of [16]). In the “near alignment” limit,
the above conditions reduce to
(M22 − µ2) cos 2β = 0,
µ2 cos 2β = 0. (5.15)
There is no solution satisfying both these two constraints that also allows for CP
violation. Thus, SCPV2 is not possible in the “near alignment” region of the 2HDM5.
6 Concluding remarks
We have seen that the conditions for spontaneous CP violation in the general 2HDM can
be expressed in terms of physical quantities, and are remarkably simple. Apart from the
masses of the three neutral Higgs bosons and their couplings to gauge bosons and to the
charged pair, the charged-Higgs mass and its quartic coupling are involved.
In [3], we were able to express all the ImJi in terms of masses and couplings, and also
relate these invariants to physical processes which could allow for their measurement [18].
It would be desirable to achieve the same for the two conditions (3.6) and (3.7). However
finding processes in which these expressions appear directly as part of the amplitude does
not seem very easy. If we restrict ourselves to the alignment limit, (3.6) and (3.7) simplify
to Eqs. (4.15) and (4.16). Since we have not found measurements in which conditions (3.6)
and (3.7) appear explicitly, it is useful to consider two cases (in the alignment limit):
• In order to disprove SCPV a minimal set of measurements consists of MH± and q1,
if they do not satisfy q1 =
(
2M2H± +M
2
1
)
/v, then CP is not violated spontaneously.
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• To prove SCPV is strictly speaking impossible since one would need to show that
equations (4.15) and (4.16) hold exactly. Since measurements are always subject to
experimental (and theoretical) uncertainties, indeed, the above equations could at
best only hold within some confidence level. Note, however, that the verification of
the above constraints require a determination of 9 parameters. M1 and v are already
known, so 7 new measurements should be performed in order to test these constraints.
• In the general case without alignment, we need to test the conditions (3.6) and (3.7)
in order to determine whether a measured CP violation is spontaneous or explicit.
In the general case without alignment, the 2HDM7 potential contains 14 − 3 = 11
physical parameters8. The above constraints also contain 11 independent masses and
couplings altogether9. Again, M1 and v are known, so 9 new measurements should
be performed. Therefore we conclude that in order to test for SCPV, all potential
parameters must be known.
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A Comments on the Higgs basis
A.1 The Higgs basis vs the m212 = 0 basis
The basis transformation (4.23) specified by
ξ˜ = ξ ≡ ξ2 − ξ1, (A.1a)
θ = β = arctan
(
v2
v1
)
, (A.1b)
χ = 0, (A.1c)
ψ = −ξ1. (A.1d)
leads to real vev’s such that v¯1 = v, ξ¯1 = 0 and v¯2 = 0 (ξ¯2 is undefined). So this
transformations brings us to the Higgs basis [19, 20].
The quadratic coefficient m212 of the potential will under this rotation transform into
m¯212 =
[
(−m211 +m222)v1v2 + Re (m212eiξ)(v21 − v22) + iIm (m212eiξ)
]
. (A.2)
Enforcing the conditions of alignment given in (4.7) and (4.8), we find m¯212 = 0. Thus,
the same transformation which makes the second vev vanish also eliminates the mixing
parameter m212 provided one remains in the alignment regime. As will be noticed below,
8 The potential for 2HDM7 contains 14 real parameters, 3 of which could be eliminated by a suitable
choice of basis, therefore the number of physical parameters is indeed 11.
9Remembering that v2 = e21 + e
2
2 + e
2
3.
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m212 = 0 is one the two alignment conditions in the Higgs basis, which explains the above
result.
Note also that since the definition of µ2, Eq. (2.4), involves v1v2 in the denominator,
the rotation (A.1) does not imply µ¯2 = 0 since in the new basis v2 vanishes.
A.2 Alignment in the Higgs basis
Using the most general conditions for the alignment (4.5) and (4.6) it is easy to derive the
conditions for alignment in the Higgs basis:
m212 = 0 and λ6 = 0. (A.3)
In this basis one doublet couples to the vector bosons with full strength, nevertheless it
need not a mass eigenstate, to enforce that one needs in addition to impose the above
conditions (A.3).
B Invariants for the most general case
The four I invariants can be expressed in reasonably compact form, in terms of masses and
couplings, using the dimensionless quantities
dijk =
qi1M
2j
1 e
k
1 + q
i
2M
2j
2 e
k
2 + q
i
3M
2j
3 e
k
3
vi+2j+k
, (B.1)
m+ =
M2H±
v2
. (B.2)
Below, we present them as expansions in the quantities Im J1, Im J11, Im J2 and Im J30.
At least one of these must be non-zero for there to be any CP violation at all. We note
that while this is a convenient base, it is over-complete, Im J11 vanishes whenever Im J1
and Im J2 both vanish.
B.1 The invariant IY 3Z
IY 3Z
v2
= (d010d012 − d010d101 + 2d010m+ − 2d012m+ − d022 − 2d101m+ + d200) Im J1
+ (−d012 + 2d101 − 4m+ − 2q) Im J11 +
(
d101
2
−m+ − q
)
Im J2
+ (−d012 + d101 − 2m+) Im J30 (B.3)
B.2 The invariant I2Y 2Z
I2Y 2Z
v4
=
(
d010d012
2
− d010d101
2
+ d010m+ − d012m+ − d022
2
+
d111
2
)
Im J1
+
(
−d012
2
+
d101
2
−m+
)
Im J11 +
(
d101
4
− m+
2
− q
2
)
Im J2 (B.4)
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B.3 The invariant I6Z
I6Z =
(
4d3010d012 − 8d2010d2101 + 16d2010q2 − 12d2010d022 + 8d2010d200 − 8d2010d012q
−8d2010d012m+ + 16d2010qm+ + 4d010d3101 + 2d010d012d2101 − 40d010d012q2
+8d010d101q
2 + 8d010d012m
2
+ − 16d010qm2+ − 4d010d012d020 + 4d010d012d022
+12d010d032 − 2d010d2012d101 + 4d010d022d101 + 36d010d101d111 − 16d010d012d200
−4d010d101d200 − 24d010d210 − 4d010d2012q + 12d010d2101q − 16d010d020q
+40d010d022q − 20d010d012d101q + 12d010d111q − 8d010d200q + 8d010d2101m+
−16d010q2m+ + 20d010d022m+ − 8d010d200m+ − 32d010d012qm+ − 4d2022 − 4d2200
−16d020q2 + 40d022q2 − 8d111q2 − 8d2012m2+ − 8d012d101m2+ + 16d012qm2+
+16d101qm
2
+ − 4d012d020d101 + 2d012d022d101 + 6d2012d111 − 8d2101d111 + 8d020d111
−16d022d111 − 4d012d101d111 + 2d2012d200 + 4d2101d200 + 8d022d200 + 6d012d101d200
+32d012d020q + 4d012d022q + 16d030q − 64d032q − 8d020d101q + 24d022d101q − 4d012d111q
−16d101d111q + 4d012d200q + 4d101d200q − 8d3101m+ − 4d012d2101m+ + 16d012q2m+
−12d032m+ − 8d022d101m+ − 8d101d111m+ + 12d012d200m+ + 8d101d200m+ + 8d210m+
+8d2012qm+ − 8d2101qm+ + 8d022qm+ + 16d012d101qm+ − 8d200qm+
)
Im J1
+
(−8d2010d012 + 16d2010q − 16d010q2 + 20d010d022 − 8d010d111 − 32d010d012q + 16d010d101q
+16d010d012m+ − 32d010qm+ + 32d012q2 − 16d101q2 − 16d012m2+ + 32qm2+ + 8d012d020
−4d012d022 − 16d032 − 4d2012d101 + 8d022d101 + 8d012d111 − 40d101d111 + 20d012d200
+16d210 − 16d2101q − 16d020q + 24d022q + 8d012d101q − 24d111q + 24d200q + 4d2012m+
−8d2101m+ + 32q2m+ − 28d022m+ + 16d012d101m+ + 8d200m+
+32d012qm+ − 32d101qm+) Im J11
+
(
8q3 − 8d010q2 + 4d012q2 − 8d101q2 + 16q2m+ + 4d2010q − 8d2101q + 8qm2+ − 4d010d012q
−4d020q + 4d022q + 4d010d101q + 10d200q − 8d010qm+ − 8d101qm+ − d012d2101
−4d012m2+ − 2d2010d012 + 2d012d020 + 4d010d022 − 4d032 + 2d022d101 − 2d010d111
−4d2101m+ + 4d010d012m+ − 4d022m+ − 2d012d101m+ + 6d111m+ + 4d200m+
)
Im J2
+
(
6d3012 + 4d010d
2
012 − 8d2012m+ − 4d2010d012 + 2d012d2101 − 8d012m2+ + 4d012d020
−20d012d022 + 12d010d012d101 + 12d012d200 − 24d010d012q + 8d010d012m+
+32d012qm+ + 4d
3
101 + 8d010d
2
101 + 16qm
2
+ + 8d010d022 + 8d022d101 − 16d010d111
−24d101d111 − 8d010d200 − 4d101d200 + 8d210 + 8d2010q + 4d2101q − 8d020q
+28d022q + 8d010d101q − 16d111q − 8d2101m+ − 8d022m+ + 8d111m+
+8d200m+ − 16d010qm+ − 16d101qm+) Im J30
(B.5)
B.4 The invariant I3Y 3Z
I3Y 3Z
v6
=
(
d3010d012
4
− 3d
2
010d022
4
+ d010d012m
2
+ +
5d010d012d022
4
+
d010d032
4
+
1
4
d010d
2
012d101
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+
d010d101d111
4
− d010d2012m+ +
3
2
d010d022m+ − d010d111m+ − 3d010d012d020
4
−d010d022d101
4
− d010d012d111
4
+
d022d
2
101
2
− 2d2012m2+ − d020m2+ + 2d022m2+
−d012d101m2+ +
d020d022
2
+
d012d030
2
+
d012d032
4
+
d012d020d101
2
+
d2101d111
4
+
d022d111
2
+
d3012m+
2
+
1
2
d012d
2
101m+ − d012d020m+ + d2012d101m+ + d020d101m+
−5
2
d022d101m+ + d012d111m+ − d101d111m+ + 1
2
d012d200m+ + d210m+ − 3d
2
022
2
−d032d101
2
− d020d
2
101
4
− d
2
012d111
4
− d012d101d111
4
− d012d101d200
4
− d101d210
4
)
Im J1
+
(
−d
3
101
4
+
d010d
2
101
4
+ d2101m+ −
d012d
2
101
4
+
d022d101
2
+
d101d200
4
+
d012d101q
2
−d010d101m+ + d012d101m+ − d010d012d101
2
− d101d111
2
− d
2
012d101
4
+ d010m
2
+
−3d012m2+ +
d010d022
4
+ d032 +
d012d111
2
+
d2012m+
2
+ d010d012m+ − 2d022m+
+2d111m+ − d200m+ − d012qm+ − 5d012d022
4
)
Im J11
+
(
−d
3
101
4
+
d010d
2
101
8
+
3d2101m+
4
+
d2010d101
4
+
3d022d101
4
+
d101d200
4
+
d012d101q
2
−1
2
d010d101m+ +
1
2
d012d101m+ − d020d101
4
− d010d101q
4
+
d010m
2
+
2
− d012m2+
+
d012d020
4
+
d010d022
2
+
d2012q
4
+
d010d012q
4
+
d2012m+
4
+
5
4
d010d012m+ +
d020m+
2
+
d111m+
2
+
1
2
d010qm+ − d012qm+ − d032
2
− d022q
2
− d
2
010m+
2
− 3d022m+
2
−d
2
010d012
4
− d012d200
4
− 3d200m+
4
− 5d010d111
8
− d012d111
8
)
Im J2
+
(
d2012d101
4
− d012m2+ + d111m+ −
d022m+
2
− d101d111
4
)
Im J30 (B.6)
B.5 Case Study: IY 3Z
We shall briefly outline how we were able to express the I-invariants in terms of masses
and couplings, by using IY 3Z as an example. We know that all the I-invariants should
vanish in the CP conserving limit (all ImJi = 0), so we start with the ansatz
10 that
IY 3Z = v
2 (C1Im J1 + C11Im J11 + C2Im J2 + C30Im J30) . (B.7)
In [3], all the Im Ji were expressed in terms of masses and couplings. These expression
were all antisymmetric under exchange of two of the indices {i, j, k} = {1, 2, 3}. Assuming
that this is true for all CP violating invariants, we expect this to be the case also for IY 3Z .
10The ansatz IY 3Z = v
2 (C1Im J1 + C2Im J2 + C30Im J30) led nowhere. This changed after inclusion of
the Im J11 term. We recall from [3] that Im J1 = Im J2 = 0 =⇒ Im J11 = 0.
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This implies that all the coefficients Ci should be symmetric under exchange of two of the
indices {i, j, k} = {1, 2, 3} when expressed in terms of masses and couplings.
Next, we note that IY 3Z is a homogeneous polynomial of order 4 in the variables of the
set P0 (see Ref. [3]). Our ansatz then implies that the right hand side of (B.7) must also be
of order 4. We know that Im J1 is of order 2, whereas Im J11, Im J2 and Im J30 are of order
3. This implies the order of the coefficients Ci. C1 must be of order 2, while C11, C2 and
C30 must be of order 1. All Ci must be dimensionless, which motivates us to introduce the
dimensionless and symmetric quantities q, m+ and dijk, which we use to construct general
symmetric expressions for the Ci of the correct order. We continue with the ansatz that
the general forms of the Ci can be written as
C1 = c1q
2 + c2qm+ + c3m
2
+ + c4qd010 + c5qd012 + c6qd101
+c7m+d010 + c8m+d012 + c9m+d101
+c10d
2
010 + c11d010d012 + c12d010d101 + c13d
2
012 + c14d012d101 + c15d
2
101
+c16d020 + c17d022 + c18d200 + c19d111, (B.8)
C11 = c20q + c112m+ + c21d010 + c22d012 + c23d101, (B.9)
C2 = c24q + c25m+ + c26d010 + c27d012 + c28d101, (B.10)
C30 = c29q + c30m+ + c31d010 + c32d012 + c33d101, (B.11)
where the numerical coefficients ci are to be determined. In order to determine these, we
expand each side of (B.7) in the variables of P0, equating the coefficients of each such term.
This makes it possible to determine all ci, and the result found for IY 3Z can be read off
(B.3).
The process is similar for I2Y 2Z , resulting in a different set of coefficients ci. For I6Z
and I3Y 3Z all the coefficients Ci are of order two higher than for IY 3Z , so their general
form is more complicated, but apart from this, the process is similar.
C Disentangling the I-invariants
Since all four invariants (B.3), (B.4), (B.5) and (B.6) must vanish for the CP violation to
be spontaneous, let us start by discussing the two simpler ones, IY 3Z and I2Y 2Z . These are
both linear in q and M2H± . We put these expressions equal to zero, and treat the resulting
two equations as a system of two linear equations with two unknowns (q and M2H±).
Whenever this system is non-singular, we can solve it uniquely for the two unknowns.
In order to determine when the system is singular, we calculate the determinant of the
coefficient matrix, which (ignoring constant factors and powers of v) is found to be
∆ ∝ D(Im J1)2 (C.1)
with
D = e21M
2
2M
2
3 + e
2
2M
2
3M
2
1 + e
2
3M
2
1M
2
2 . (C.2)
For a physical system (positive M2i and e
2
1 + e
2
2 + e
2
3 = v
2 > 0), D is positive definite.
We conclude that the determinant vanishes if and only if Im J1 vanishes. We identify four
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different cases which we need to study separately.
• Case 0: Im J1 6= 0
• Case 1: Im J1 = 0 because ei = v, ej = 0, ek = 0
• Case 2: Im J1 = 0 because M2j = M2i , ek = 0
• Case 3: Im J1 = 0 because qk =
ejekqi(M
2
k −M2j ) + eiekqj(M2i −M2k )
eiej(M2i −M2j )
Some comments are here in order. In cases 1-3 we do not include those scenarios where
Im J1 = 0 which leads to CP conservation (scenarios where all Im Ji = 0), since then we
cannot have spontaneous CP violation. All such cases are listed as six bullet points in
Section 3.2 of our previous work [3]. Case 3 are those scenarios where Im J1 = 0 can be
solved for one of the qk. Cases 1 and 2 covers those scenarios where Im J1 = 0 but we
cannot solve for any qk.
Case 0 (Im J1 6= 0):
Solving the system of two equations for q and M2H± we find
M2H± =
v2
2D
[e1q1M
2
2M
2
3 + e2q2M
2
3M
2
1 + e3q3M
2
1M
2
2 −M21M22M23 ], (C.3)
q =
1
2D
[(e2q3 − e3q2)2M21 + (e3q1 − e1q3)2M22 + (e1q2 − e2q1)2M23 +M21M22M23 ].
(C.4)
Substituting these expressions for q and M2H± into the remaining invariants I6Z and I3Y 3Z
we find that they both vanish, so the conditions for SCPV are in this case simply given by
(C.3) and (C.4).
Case 1 (ei = v, ej = 0, ek = 0):
In these cases we find that I2Y 2Z = I3Y 3Z = 0. We solve IY 3Z = 0 for M
2
H± and substitute
our expression for M2H± into I6Z = 0 which now is linear in q. This means that we may
also solve for q. Considering for illustration e1 = v, e2 = e3 = 0 (the alignment limit), we
arrive at the following expressions for q and M2H±
M2H± =
vq1 −M21
2
, (C.5)
q =
1
2
(
q22
M22
+
q23
M23
+
M21
v2
)
. (C.6)
The other sub-cases are obtained by a cyclic rotation of {i, j, k} = {1, 2, 3}. Comparing
with (C.3) and (C.4), we see that by simply putting e1 = v, e2 = e3 = 0 into (C.3) and
(C.4), we arrive at (C.5) and (C.6).
Case 2 (M2j = M
2
i , ek = 0):
Also in these cases we find that I2Y 2Z = I3Y 3Z = 0. We proceed as in the previous case,
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solving IY 3Z = 0 for M
2
H± and substitute our expression for M
2
H± into I6Z = 0 which now
is linear in q. Considering for illustration M22 = M
2
1 , e3 = 0, we arrive at the following
expressions for q and M2H±
M2H± =
e1q1 + e2q2 −M21
2
, (C.7)
q =
v2q23M
2
1 + (e2q1 − e1q2)2M23 +M41M23
2v2M21M
2
3
. (C.8)
The other sub-cases are obtained by a cyclic rotation of {i, j, k} = {1, 2, 3}. Comparing
with (C.3) and (C.4), we see that by simply putting M22 = M
2
1 , e3 = 0 into (C.3) and (C.4),
we arrive at (C.7) and (C.8).
Case 3:
These cover the cases where all ei 6= 0 and all masses are non-degenerate. For illustration,
we solve Im Ji = 0 for q3 to get
q3 =
e2e3q1(M
2
3 −M22 ) + e1e3q2(M21 −M23 )
e1e2(M21 −M22 )
. (C.9)
In this case we find that both IY 3Z and I2Y 2Z contain the same factor which needs to
vanish in order for the invariants to vanish. This factor is linear in both q and M2H± . We
choose to solve for q and then insert the expression for q into I6Z = 0 and I3Y 3Z = 0.
These two equations also contains the same factor which needs to vanish in order for the
invariants to vanish. The factor is now is linear in M2H± , so we may solve for M
2
H± . The
result is substituted into the expression we found for q, and we arrive at
M2H± =
v2e23M
2
1M
2
2
2e1e2(M21 −M22 )D
[
e2q1(M
2
3 −M22 ) + e1q2(M21 −M23 )
]
+
v2M23
2D
[e1q1M
2
2 + e2q2M
2
1 −M21M22 ], (C.10)
q =
M21M
2
2M
2
3
2D
+
(e1q2 − e2q1)2
2e21e
2
2(M
2
1 −M22 )2D
× [e21e22M23 (M21 −M22 )2 + e22e23M21 (M22 −M23 )2 + e23e21M22 (M23 −M21 )2]. (C.11)
The other sub-cases are obtained by a cyclic rotation of {i, j, k} = {1, 2, 3}. Comparing
with (C.3) and (C.4), we see that by simply putting the value for q3 from Eq. (C.9) into
(C.3) and (C.4), we arrive at (C.10) and (C.11).
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